A subgroup H is called M-supplemented in a finite group G if there exists a subgroup B of G such that G ¼ HB and such that H 1 B is a proper subgroup of G for any maximal subgroup H 1 of H. In this paper we fix a subgroup D in every non-cyclic Sylow subgroup P of G satisfying 1 < D < P and study the structure of G under the assumption that all subgroups H of P with jHj ¼ jDj are M-supplemented in G or have a supersolvable supplement in G.
Introduction
Subgroups of prime-power order have been studied extensively in relation to the structure of a finite group. For instance, Hall [4] in 1937 proved that a group G is solvable if and only if every Sylow subgroup of G is complemented in G. Srinivasan [8] in 1980 stated that a group G is supersolvable if every maximal subgroup of every Sylow subgroup is normal in G. Wang [13] in 2000 generalized Srinivasan's result: if every maximal subgroup of every Sylow subgroup is c-supplemented in G, then G is supersolvable. Recently, Miao and Guo [7] considered F-s-supplemented subgroups of a finite group G and obtained that G is supersolvable if and only if every maximal subgroup of every Sylow subgroup of G is supersolvable and s-supplemented in G.
More recently, Skiba in [10] and [11] fixed a subgroup D of a non-cyclic Sylow subgroup P of F Ã ðGÞ such that 1 < D < P and studied the structure of G under the assumption that all subgroups E of P of the same order as D and order 2jDj (if P is a non-abelian 2-group and jP : Dj > 2), are c-quasinormal or weakly s-permutable in G.
Suppose that G ¼ HB with proper subgroups H and B; so H and B supplement each other in G. It is natural to consider the case where H is a minimal supplement of B in G, i.e. where H 1 B 0 G for every proper subgroup H 1 of H. Note that H is a minimal supplement of B in G whenever H V B c FðHÞ; moreover, if B / G ¼ HB and H is a minimal supplement of B in G, then H V B c FðHÞ. In view of the results mentioned above we may then ask whether the fact that certain subgroups of G are minimal supplements in G has an e¤ect on the structure of G. In order to deal with this question we introduce the concept of M-supplemented subgroups. Definition 1.1. A subgroup H is called M-supplemented in a finite group G if there exists a subgroup B of G such that G ¼ HB and H 1 B is a proper subgroup of G for any maximal subgroup H 1 of H; in this case, B also is said to be an M-supplement of H in G.
Note that the trivial group 1 is M-supplemented in any non-trivial group since the set of maximal subgroups of 1 is empty.
In this paper we investigate to what extent the presence of M-supplements for certain subgroups of a group G controls the structure of G. As a by-product we obtain results about supersolvable and p-nilpotent groups as well as formations, one of which is the following result.
Theorem 3.6. Let F be a saturated formation containing all supersolvable groups and let G be a group with a normal subgroup H such that G=H A F. Suppose that every non-cyclic Sylow subgroup P of F Ã ðHÞ has a non-trivial proper subgroup D such that every subgroup E c P of order jDj has a supersolvable supplement or an M-supplement in G. Then G A F.
All groups considered in this paper are finite. Most of the notation is standard and can be found in [1] and [5] . In particular, H < G indicates that H is a proper subgroup of G, G p is a Sylow p-subgroup of G and pðGÞ is the set of all prime divisors of jGj; we write H G for the core 7 g A G H g of a subgroup H. Moreover, FðGÞ, F ðGÞ and F Ã ðGÞ denote the Frattini subgroup, the Fitting subgroup and the generalized Fitting subgroup of G, respectively. Furthermore, U denotes the class of all supersolvable groups.
Let p be a set of primes. We write G A E p if G has a Hall p-subgroup, G A C p if G A E p and any two Hall p-subgroups of G are conjugate in G, and we write G A D p if G A C p and every p-subgroup of G is contained in a Hall p-subgroup of G.
A class F of groups is said to be a formation if G=H A F whenever G A F and H t G and if G=ðM V NÞ A F whenever G=M and G=N are in F. A formation F is said to be saturated if G A F whenever G=FðGÞ A F: Both the class of all supersolvable groups and the class of all p-nilpotent groups are saturated formations (e.g. see [3] ).
Finally, we recall that a group G is said to possess a supersolvable type Sylow tower if pðGÞ ¼ fp 1 ; . . . ; p n g with p 1 > p 2 > Á Á Á > p n and if there exist subgroups S p i A Syl p i ðGÞ such that S p 1 S p 2 . . . S p i is a normal subgroup of G for i A f1; 2; . . . ; ng.
Preliminaries
Here we list some basic results which will be useful in the sequel.
(3) Let K be a normal p 0 -subgroup and let H be a p-subgroup of G for a set p of primes. Then H is M-supplemented in G if and only if HK=K is M-supplemented in G=K.
(2) This follows from the definition of M-supplemented subgroups. 
On the other hand, jG : H 1 Bj ¼ jHB : H 1 Bj is a p-number, and so jG :
Conversely, let HK=K be M-supplemented in G=K by the subgroup L=K and let H 1 be a maximal subgroup of H. Then H 1 K=K is a maximal subgroup of HK=K and therefore we have HL=K ¼ ðHK=KÞðL=KÞ ¼ G=K as well as
Lemma 2.2. Let p A pðGÞ and let P be a p-subgroup of G having an M-supplement B in G. Then
(2) If L is a minimal normal subgroup of G contained in P, then jLj ¼ p or L c FðPÞ.
Proof.
(1) By hypothesis we have G ¼ PB and P 1 B < G for any maximal subgroup P 1 of P. Since jP : P 1 j ¼ p, we get
As p is a prime and P 1 B < G, we conclude that P V B ¼ P 1 V B and jG : P 1 Bj ¼ p. Now the claim follows, because FðPÞ is the intersection of the maximal subgroups of P.
(2) Suppose that L G FðPÞ. Then there exists a maximal subgroup Q of P with L G Q and P ¼ LQ as well as (1) . r Lemma 2.3. Let F be a saturated formation and suppose that G=E A F for some E t G. Then G A F whenever one of the following holds:
(1) E c FðGÞ;
(2) E is cyclic and U J F. (1) FðLÞ c FðGÞ. (1) G is p-nilpotent, whenever N G ðPÞ ¼ C G ðPÞ. In particular, G is p-nilpotent whenever P is cyclic and p is the smallest prime in pðGÞ. (2) is a result of Tate [12] ; see [5, Theorem IV.4.7] . r Lemma 2.11. Let p be the smallest prime divisor of jGj and P A Syl p ðGÞ. Then G is p-nilpotent if and only if P is M-supplemented in G.
Conversely, if P is M-supplemented in G, there exists a subgroup B of G such that G ¼ PB and P 1 B < G for every maximal subgroup P 1 of P. By Lemma 2.2, we have jG : P 1 Bj ¼ p and hence P 1 B t G by Lemma 2.5. Observe that
On M-supplemented subgroups of finite groupsand therefore FðPÞB t G. Since P V B ¼ FðPÞ V B by Lemma 2.2 , we also have
Hence FðPÞB is p-nilpotent by Lemma 2.10.
Lemma 2.12. Let p be the smallest prime divisor of jGj and let P A Syl p ðGÞ. Then G is p-nilpotent if and only if P has a non-trivial proper subgroup D such that every subgroup E of P with jEj ¼ jDj has a p-nilpotent supplement or an M-supplement in G.
Proof. As the necessity part is obvious, we only consider the su‰ciency part. Assume that the lemma is false and choose G to be a counter-example of minimal order. In particular, by Lemma 2.10, P is not cyclic. By hypothesis, P has a non-trivial proper subgroup D such that every subgroup of order jDj in P has a p-nilpotent supplement or an M-supplement in G. Let P 1 be a maximal subgroup of P with D c P 1 and suppose that
and hence N G ðK p 0 Þ t G by Lemma 2.5, a contradiction. So we may assume that
where L 1 is a maximal subgroup of P and L 2 is a maximal subgroup of L 1 . By hypothesis, there exists a subgroup T of P with order jDj such that
By Theorem 2.9, there exists an element g A P such that
Then L 2 B is p-nilpotent by Lemma 2.11 and hence G is p-nilpotent, a contradiction. So we may assume that jDj < jL 1 j. Therefore jG :
If a subgroup N c T 1 ðP V BÞ of order jDj has no p-nilpotent supplement in T 1 B, then N also has no p-nilpotent supplement in G and hence is M-supplemented in G by hypothesis. So N is M-supplemented in T 1 B by Lemma 2.1. Therefore T 1 B satisfies the hypothesis of the lemma and hence is p-nilpotent by the minimal choice of G. Since T 1 B t G, we get that G is p-nilpotent, a contradiction which eventually proves the following:
(1) each subgroup E c P of order jDj has no p-nilpotent supplement in G, and thus has an M-supplement in G.
We may assume now that D has an M-supplement K in G. Let D 1 be a maximal subgroup of D. The same arguments as in the section preceding ð1Þ show that D 1 K is a normal subgroup of index p in G and moreover that
, Lemma 2.1 and Lemma 2.11; this implies that G is p-nilpotent, a contradiction. Therefore we have jDj < jP 2 j. In particular, D 1 K satisfies the hypothesis of the lemma because any subgroup of order jDj in P 2 has an M-supplement in D 1 K by ð1Þ and Lemma 2.1. So D 1 K is p-nilpotent by the minimal choice of G. This in turn implies that G is p-nilpotent, a final contradiction. r Lemma 2.13. Let p A pðGÞ such that G A C p 0 and let P A Syl p ðGÞ. Then G is pnilpotent if and only if P has a subgroup D such that jDj < jPj and every subgroup L c P of order jDj has a p-nilpotent supplement in G.
Proof. The necessity part is obvious and we omit the proof.
For the su‰ciency part, let L be a subgroup of P of order jDj. Clearly, G is pnilpotent if L ¼ 1, so assume without loss that L 0 1. By our hypothesis, G has a p-nilpotent subgroup M such that G ¼ LM. It follows that P ¼ LðP V MÞ and P V M is a Sylow p-subgroup of M. Since M is p-nilpotent, we have M c N G ðKÞ where K ¼ O p 0 ðMÞ is also a Hall p 0 -subgroup of G. Since jLj < jPj, there exists a maximal subgroup P 1 of P such that L c P 1 . Clearly,
If jG : N G ðKÞj ¼ jP : N P ðKÞj d p, then we may let P 2 be a maximal subgroup of P such that N P ðKÞ c P 2 . Since P 2 contains a subgroup R of order jDj, by the above arguments once again, we obtain a p-nilpotent subgroup
Proof. Assume that the assertion is false and choose G to be a counter-example of smallest order.
By our hypotheses and Lemma 2.13, H has a supersolvable type Sylow tower. So P :¼ O p ðHÞ A Syl p ðHÞ for the largest prime p A pðHÞ. Clearly, P t G and so G has a minimal normal subgroup L c P and L is elementary abelian.
Assume that P is cyclic. Clearly, H=P t G=P and ðG=PÞ=ðH=PÞ G G=H A F. Now we easily verify that the pair ðG=P; H=PÞ satisfies the hypotheses of the lemma. So the minimal choice of G implies that G=P A F. Now Lemma 2.3 yields G A F, a contradiction. We have shown that P is non-cyclic.
If jDj < jLj, then we may choose a subgroup L 1 < L with jL 1 j ¼ jDj. By our hypotheses, the subgroup L 1 has a supersolvable supplement
Obviously, H=L t G=L and ðG=LÞ=ðH=LÞ G G=H A F. Let QL=L be a Sylow q-subgroup of H=L, where Q A Syl q ðHÞ. If p ¼ q, we may assume that jLj c jDj and hence every subgroup of P=L with order jDj=jLj is of the form P 1 =L with P 1 a subgroup of P containing L and having order jDj. By the hypotheses, P 1 has a supersolvable supplement in G. It follows from Lemma 2.1 that P 1 =L has a supersolvable supplement in G=L. Now we assume that p 0 q. Let T=L be a q-subgroup of a Sylow q-subgroup of H=L. Then we have T ¼ LT q and jT=Lj ¼ jT q j. By hypotheses, there exists a subgroup E of every non-cyclic Sylow subgroup Q of H such that jEj < jQj, and all subgroups B of Q of the same order as E have a supersolvable supplement in G. By Lemma 2:1, we see that BL=L has a supersolvable supplement in G=L. This shows that G=L satisfies the hypotheses. The minimal choice of G then implies G=L A F. 
The main results
We make a definition in order to simplify notation. Definition 3.1. Let X be a finite group, let p A pðX Þ and let P be a p-subgroup of X ; then SMSðP; X Þ denotes the set of all non-trivial proper subgroups D of P such that every subgroup E c P of order jDj has a supersolvable or an M-supplement in X . Note that the set SMSðP; X Þ might be empty.
With this we can now state the next result.
Theorem 3.2. Let F be a saturated formation containing U and let G be a group with a normal subgroup H such that G=H A F. Suppose that SMSðP; GÞ is non-empty for every non-cyclic Sylow subgroup P of H. Then G A F.
Proof. Assume that the assertion is false and choose G to be a counter-example of minimal order.
By hypothesis, there exists a subgroup D A SMSðP; GÞ for a non-cyclic Sylow subgroup P of H. Let E c P with jEj ¼ jDj. If E has no supersolvable supplement in H, it also has no supersolvable supplement in G and hence, by hypothesis, is Msupplemented in G; thus E is M-supplemented in H by Lemma 2.1. Therefore H has a supersolvable type Sylow tower by Lemma 2.12. Let r be the largest prime divisor of jHj and R A Syl r ðHÞ. Then R ¼ O r ðHÞ t G and so R contains a minimal normal subgroup L of G. Claim 1. G=R A F and R G FðGÞ; furthermore, R is non-cyclic and there exists a subgroup D A SMSðR; GÞ.
Clearly G=R satisfies the hypotheses of the theorem and hence G=R A F. Now Lemma 2.3 shows that R is non-cyclic and that R G FðGÞ. By hypothesis we also see that SMSðR; GÞ is non-empty.
Assume that R V FðGÞ 0 1, and hence without loss that L c R V FðGÞ. If jDj c jLj, then there exists a subgroup E c L such that jEj ¼ jDj. By hypothesis E has a supplement S which is supersolvable or an M-supplement. Since E c FðGÞ, we get G ¼ ES ¼ S; in particular, S cannot be an M-supplement. Hence G ¼ S A U, a contradiction. So we have jDj > jLj. In fact, G=L satisfies the hypotheses of the theorem and hence G=L A F by the minimal choice of G. Therefore G A F since F is a saturated formation, a contradiction. So we have R V FðGÞ ¼ 1. Now Lemma 2.4 yields the remaining statement in Claim 2.
Suppose now that there exists a subgroup T c R of order jDj such that T has an M-supplement B in G, i.e. G ¼ TB and T 1 B < G for any maximal subgroup T 1 of T. By Lemma 2.2 we have jG : T 1 Bj ¼ r for any maximal subgroup T 1 of T. As G ¼ TB ¼ RB > T 1 B and hence R G T 1 , there exists j A f1; . . . ; tg such that R j G T 1 B. As G ¼ R j ðT 1 BÞ and thus R j V T 1 B t G, we get jR j j ¼ jG :
Assume that jDj ¼ jR j j ¼ r. By hypothesis, every minimal subgroup of R having no supersolvable supplement in G, is M-supplemented in G. Therefore every minimal subgroup of R is complemented in G. Let hxi be a minimal subgroup of R i for some i A f1; . . . ; tg. Then hxi is complemented in G, i.e. there exists a subgroup K of G such that G ¼ hxiK and
Thus R is the direct product of some minimal normal subgroups of G of order r.
Since R G FðGÞ, there exists a maximal subgroup M of G with R G M. Thus G has at least one minimal normal subgroup R l contained in R such that R l G M. Since G ¼ R l M and jR l j ¼ r, we get jG : Mj ¼ jR l j ¼ r. Since G=R A F by Claim 1, application of Lemma 2.8 to the pair ðG; RÞ in place of ðG; HÞ now yields G A F, a contradiction.
So we may assume jDj > r. In fact,
Let QR j =R j be a non-cyclic Sylow q-subgroup of H=R j , where Q is a non-cyclic Sylow q-subgroup of H. If q ¼ r, we know that every subgroup of P=R j with order jDj=jR j j 0 1 is of the form S=R j where S a subgroup of R containing R j with order jDj since jR j j < jDj. If S=R j has no supersolvable supplement in G=R j , then S has no supersolvable supplement in G and hence S is M-supplemented in G by hypothesis. It follows from Lemma 2:1 that S=R j is M-supplemented in G=R j . Now we may assume that q 0 r. Let T=R j be a q-subgroup of H=R j . Then we have T ¼ R j T q and jT=R j j ¼ jT q j. By hypothesis, there exists a subgroup B A SMSðQ; GÞ; by Lemma 2:1 we see that if BR j =R j has no supersolvable supplement in G=R j , then BR j =R j is M-supplemented in G=R j . This shows that G=R j satisfies the hypotheses of the theorem. The minimal choice of G implies that G=R j A F and hence G A F by Lemma 2.3, a contradiction. We have shown that any subgroup E c P of order jDj has a supersolvable supplement in G. Since G=R A F by Claim 1, we get G A F by Lemma 2.14, a final contradiction. r
As an immediate consequence of Theorem 3.2 we obtain Corollary 3.3. Let F be a saturated formation containing U and let G be a group with a normal subgroup H such that G=H A F. Then G A F whenever one of the following conditions is satisfied.
(1) Every non-cyclic Sylow subgroup P of H has a proper non-trivial subgroup D such that every subgroup E c P of order jDj is M-supplemented in G.
(2) Every non-cyclic Sylow subgroup P of H has a proper non-trivial subgroup D such that every subgroup E c P of order jDj has a supersolvable supplement in G.
(3) Every maximal subgroup of every non-cyclic Sylow subgroup of H has a supersolvable supplement or an M-supplement in G.
(4) Every minimal subgroup of every non-cyclic Sylow subgroup of H has a supersolvable supplement or an M-supplement in G.
Theorem 3.4. Let F be a saturated formation containing U and let G be a group with a solvable normal subgroup H such that G=H A F. If SMSðP; GÞ is non-empty for every non-cyclic Sylow subgroup P of F ðHÞ, then G A F.
Proof. Assume that the assertion is false and choose G to be a counter-example of minimal order. The proof is divided into two cases. 
Henceforth we may assume that jDj > jLj and so consider the group G=L. Since ðG=LÞ=ðH=LÞ G G=H A F and F ðH=LÞ ¼ F ðHÞ=L, we see that G=L satisfies the hypotheses of the theorem. The minimal choice of G implies G=L A F. Now Lemma 2.3 yields G A F, a contradiction.
Case 2. Suppose that FðGÞ V H ¼ 1.
Note that H 0 1; so F ðHÞ ¼ F Ã ðHÞ 0 1, because H is solvable. Hence F ðHÞ G FðGÞ and thus there exists a maximal subgroup M of G not containing F ðHÞ. In particular, there exists a prime p A pðHÞ with O p ðHÞ G M.
Next, observe that FðO p ðHÞÞ c FðGÞ V H ¼ 1 and so O p ðHÞ is an elementary abelian normal subgroup of G with G ¼ O p ðHÞM and R :¼ O p ðHÞ V M t G. Since G B F, Lemma 2.8 shows that jG : Mj ¼ jO p ðHÞ : Rj ¼ p n with n d 2; in particular, p 2 j jO p ðHÞj and O p ðHÞ is not cyclic. Now let M p be a Sylow p-subgroup of M; then G p ¼ O p ðHÞM p is a Sylow psubgroup of G. Let P 1 be a maximal subgroup of G p containing M p and set
it follows that O p ðHÞ G P 1 and thus P 2 is a maximal subgroup of O p ðHÞ.
Since O p ðHÞ is a non-cyclic Sylow subgroup of F ðHÞ and P 2 is maximal in O p ðHÞ, there exists a subgroup E of P 2 with order jDj such that E has a supersolvable supplement or an M-supplement in G.
Assume next that N is a supersolvable supplement of E in G. Clearly,
Suppose next that K < G and let K 1 be a maximal subgroup of G containing
We have shown that any subgroup of P 2 of order jDj is M-supplemented in G. So there exists a subgroup B of G such that G ¼ EB and TB ¼ BT < G for every maximal subgroup T of E. Now let E 1 denote a maximal subgroup of E and put
Since FðGÞ V H ¼ 1, Lemma 2.4 shows that F ðHÞ is the direct product of minimal normal subgroups of G contained in H. Therefore O p ðHÞ ¼ R 1 Â Á Á Á Â R t with minimal normal subgroups R 1 ; . . . ; R t of G.
As O p ðHÞ G M, we may assume that 
As P 2 is maximal in O p ðHÞ and p 2 j jR 1 j we have Q :¼ P 2 V R 1 0 1. Assume now that jDj c jQj. Then we may assume without loss that E 1 < E c Q. Hence
a contradiction. We have shown that jQj < jDj. So we may assume that Q < E. As FðO p ðHÞÞ ¼ 1 and hence E is elementary abelian, we may choose E 1 such that QGE 1 and hence
a contradiction finally proving the claim of the theorem. r Corollary 3.5. Let F be a saturated formation containing U and let G be a group with a solvable normal subgroup H such that G=H A F.
Then G A F whenever one of the following conditions is satisfied.
(1) Every non-cyclic Sylow subgroup P of F ðHÞ has a non-trivial proper subgroup D such that all subgroups E c P of order jDj are M-supplemented in G.
(2) Every non-cyclic Sylow subgroup P of F ðHÞ has a non-trivial proper subgroup D such that every subgroup E c P of order jDj has a supersolvable supplement in G.
(3) Every maximal subgroup of every non-cyclic Sylow subgroup of F ðHÞ has a supersolvable supplement or an M-supplement in G.
(4) Every minimal subgroup of every non-cyclic Sylow subgroup of F ðHÞ has a supersolvable supplement or an M-supplement in G.
Theorem 3.6. Let F be a saturated formation containing U and let G be a group with a normal subgroup H such that G=H A F. Suppose that SMSðP; GÞ is non-empty for every non-cyclic Sylow subgroup P of F Ã ðHÞ. Then G A F.
Proof. Suppose that the theorem is false and choose G to be a counter-example of minimal order. In view of Theorem 3.4 we know that H and hence G is non-solvable. We consider the following two cases. Since G=C G ðH i Þ is abelian, also G=7 r i¼1 C G ðH i Þ ¼ G=C G ðF ðGÞÞ is abelian and hence G=F ðGÞ is abelian since C G ðF ðGÞÞ ¼ C G ðF Ã ðGÞÞ c F ðGÞ. Therefore G is solvable, a contradiction. Let P be a non-cyclic Sylow subgroup of F ðGÞ. By hypothesis, there exists a subgroup D A SMSðP; GÞ; moreover, D has a supplement S in G which is supersolvable or an M-supplement. Suppose now that P c FðGÞ and thus G ¼ DS ¼ S. Then S cannot be an M-supplement and so we get G ¼ S A U, a contradiction. Therefore we have P G FðGÞ and hence FðGÞ < F ðGÞ; in particular, there exists a maximal subgroup M < G with G ¼ PM. This proves Claim 3. Suppose that S is a supersolvable supplement of E in G.
is solvable and G=O p ðGÞ G S=ðS V O p ðGÞÞ, we conclude that G is solvable, a contradiction. Therefore Claim 4 follows from the hypotheses of the theorem and Claim 3. 
So we may assume that jDj > jLj and fix E c O p ðGÞ with L < E where jEj ¼ jDj. By Claim 4, E is M-supplemented in G, i.e. there exists a subgroup B < G such that G ¼ EB and E i B < G for any maximal subgroup E i of E. By Lemma 2.2, jG : E i Bj ¼ p and E V B ¼ E i V B c FðEÞ c FðO p ðGÞÞ. Since L is a minimal normal subgroup of G and E i B is a maximal subgroup of G for any maximal subgroup
Therefore we have L c E i for any maximal subgroup E i of E and hence L c FðEÞ c FðO p ðGÞÞ. In fact, G=L satisfies the hypotheses of the theorem by Lemma 2.7. The minimal choice of G implies that G=L A U. Since L c FðGÞ and since U is a saturated formation, Lemma 2.3 yields G A U, a contradiction proving Claim 5.
By Claim 5 and Lemma 2.4 we have O p ðGÞ ¼ R 1 Â Á Á Á Â R t with minimal normal subgroups R 1 ; . . . ; R t of G. Let L be a minimal normal subgroup of G contained in O p ðGÞ . If jDj c jLj, then we may choose a subgroup E c L of order jDj. By Claim 4, E is M-supplemented in G, i.e. there exists a subgroup B < G such that G ¼ EB and E i B < G for any maximal subgroup E i of E. By Lemma 2.2, we have jG :
This together with Claim 4 shows that every minimal subgroup of O p ðGÞ is M-supplemented in G and hence is complemented in G. If hxi is a minimal subgroup of R i , then hxi is complemented in G. So G has a subgroup K such that G ¼ hxiK and hxi V K ¼ 1 as well as R i ¼ R i V hxiK ¼ hxiðR i V KÞ. Since R i is a minimal normal in G we have In fact, G=O p ðGÞ satisfies the hypotheses of the theorem. Therefore the minimal choice of G implies that G=O p ðGÞ A U and hence G is supersolvable, a contradiction. So we may assume that jLj < jDj and we may choose a subgroup E c O p ðGÞ of order jDj such that L < E. By Claim 4, E is M-supplemented in G, i.e. there exists a subgroup B < G such that G ¼ EB and E i B < G for any maximal subgroup E i of E. By Lemma 2.2, we have jLj ¼ p or L c FðEÞ. If L c FðEÞ, then 1 < L c FðO p ðGÞÞ since FðEÞ c FðO p ðGÞÞ, a contradiction. Consequently, we know that jLj ¼ p. Next we consider C G ðLÞ. Clearly, F ðGÞ c C G ðLÞ t G. If C G ðLÞ < G, then C G ðLÞ is solvable by Claim 2; since G=C G ðLÞ is cyclic, G is then solvable, a contradiction. So we may assume C G ðLÞ ¼ G and hence L c ZðGÞ. By Lemma 2.6, F Ã ðG=LÞ ¼ F Ã ðGÞ=L and every subgroup E=L of a non-cyclic Sylow subgroup of F Ã ðG=LÞ with order jD=Lj is M-supplemented in G=L by Lemma 2.1. Therefore the factor group G=L satisfies the hypotheses of the theorem. The minimal choice of G implies that G=L is supersolvable and hence G is supersolvable since L c ZðGÞ, a contradiction.
Case 2. Suppose that F 0 U.
By Case 1, H is supersolvable. In particular, H is solvable and hence we have F Ã ðHÞ ¼ F ðHÞ. Therefore G A F by Theorem 3.4. This is a final contradiction completing the proof. r Corollary 3.7. Let F be a saturated formation containing U and let G be a group with a normal subgroup H such that G=H A F. Then G A F whenever one of the following conditions is satisfied.
(1) Every non-cyclic Sylow subgroup P of F Ã ðHÞ has a non-trivial proper subgroup D such that all subgroups E c P of order jDj are M-supplemented in G.
(2) Every non-cyclic Sylow subgroup P of F Ã ðHÞ has a non-trivial proper subgroup D such that all subgroups E c P of order jDj have a supersolvable supplement in G. Remark. Our results depend on the classification of the finite simple groups inasmuch as we rely on Theorem 2.9.
